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1. INTRODUCTION AND NOTATION 
Functional differential equations as defined below are a natural generaliza- 
tion of the concept of differential equations with retarded arguments of the 
form 
k(t) = G(t, x(t), x(t - h,) ,..., x(t - IQ)) 
where the hi are positive constants. 
In a previous paper [l], the author investigated the stability behavior of 
solutions of Eq. (2.1) under the additional assumption that the function ‘f” 
be both linear in 4 and periodic in t of period w. The purpose of this paper 
is to investigate the asymptotic stability of the null solution of (2.1) when ‘If” 
is neither linear in 4 nor periodic in t. J. K. Hale [2] has developed stability 
results for small parameter periodic functional differential equations; how- 
ever, Eq. (2.1) as defined in Section 2 is far too general for Hale’s framework. 
The result of [l] was obtained by “Floquet Theory” [3] since the equation 
studied was linear and periodic. In this work we develop our stability condi- 
tion via a Lyapunov function. 
The following notation will be used in this paper. En is the space of complex 
n-vectors, and for x E En, 1 x / = max 1 xi / , 1 < i < n. For a given number 
h > 0, C denotes the Banach space of continuous functions mapping the 
interval [- h, 0] into E”, and for 4 e C, )I rj 11 = sup 1 rj(fl)i , - h ,< 0 < 0. 
For H > 0, C, denotes the set of 4 E C for which // 4 Jj < H. For any con- 
tinuous function X(U) whose domain is h < u < a, a > 0, and whose 
range is in En, and any fixed t, 0 < t .< a, the symbol xt will denote the 
function x,(B) = x(l + 0), - h < 0 < 0; that is, xt E C, and is that segment 
of the function X(U) defined by letting u range in the interval t - h < u < t. 
* This paper is based upon research that was submitted to the faculty of the 
Polytechnic Institute of Brooklyn in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy. 
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Let F(t, 4) be a function defined on [0, co) x C, into E”, and let 3i(t) 
denote the right hand derivative of X(U) at u = t. Consider the functional 
dzyerential equation 
R(t) = F(4 xt), t > 0. U-1) 
DEFINITION 1.1. Let s be any given number 3 0, and let 4 be any given 
function in C, . A function x(s, $) (t) is said to be a solution of (1.1) with 
initial function (b at t = s if there exists a number a > 0 such that 
(i) for each t E [s, s + o), Q(S, 4) is defined and in CH; 
(ii) x,(s, d) = 4; 
(iii) x(s, 4) (t) satisfies (1 .l) for t E [s, s + 0). 
x(s, 4) (t) is unique if every other solution with the same initial function 4 at 
t = s agrees with x(s, 4) (t) in their common domain of definition. 
IfF(t, $) is continuous in t, 4 for t > 0, $ E C, , then it is readily shown [4] 
that for any 4 E C, , and s > 0 there is at least one solution of (1.1) with 
initial function 4 at t = s. If, in addition, F is locally Lipschitzian in $, i.e., 
if for every M < H, there is a constant L, such that for every $r , $a E CM, 
t >, 0, 
then there is only one such solution. Generally, under these assumptions, 
one can only expect a solution to exist over a finite time interval. 
DEFINITION 1.2. Let V(t, 4) be a function defined for t > 0 and 4 E C, . 
The derivative of I’ along solutions of (1.1) will be denoted by ‘Cztlel)(t, x~(s, +)) 
and is defined to be 
Ptl.lj(t, +(s, 4)) = liT+.yp $ [v(t + P, Xt+&, 4)) - Vt9 &, +))I- 
DEFINITION 1.3. If F(t, 0) = 0, t 2 0, then the zero solution of (1.1) is 
uniformly exponentially stable if for every s > 0 there exists constants K >, 1 
and p > 0, both independent of s, such that if Ij 4 11 < H/K, then for t 3 s 
II x&, 4)ll < Ke-O(t-S) II $J II . 
2. THE SYSTEM 
Consider the system of weakly nonlinear functional differential equations 
*(t) = Ax(t) + pqt, P) x(t) + Pf (4 Xt , p), t>,O (2-l) 
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where to is a parameter in J = [- CL,,  ps], p0 > 0. A is a constant n by n 
matrix of the form A = diag(a, ,..., a,), a, = 2niNj/w, j = l,..., n, where w 
is a positive constant and each Nj is an integer. For t > 0 and p E J, the n 
by n matrix B(t, CL) is of period w in t, and continuous in t, p along with 
aBl+. For a given H > 0, f (t, +, ,u) is a function defined on [0, co) x C,, x J 
into En which is continuous in t, $, p. Furthermore, for t > 0,4 E C’,, , p E J 
there exist positive constants 01 and M such that 
The conditions imposed on (2.1) imply that for any s > 0, + E C, , f~ E J 
this functional differential equation has a unique solution with initial function 
4 at t = s. 
The intent of this paper is to develop a sufficient condition which ensures 
for [ p 1 small, p # 0, that the zero solution of (2.1) is uniformly exponentially 
stable. To this end, we first consider the linear periodic differential system 
9(t) = 4(t) + @(t, 4 r(t) (2.3) 
where the matrices A and B(t, p) are as defined above. In view of (2.2), it 
seems reasonable to expect that if the zero solution of (2.3) is uniformly 
exponentially stable, then the zero solution of (2.1) should possess the same 
stability property for I p I sufficiently small. 
If the zero solution of (2.3) is uniformly exponentially stable, then it is to 
be expected that the terms K and /3 of definition 1.3 will depend on CL. For 
our analysis, we need to know this dependence on p. An answer to this 
query is provided by the following lemma. 
LEMMA. Let Y(t, s, CL) denote the fundamental matrix of (2.3) which is the 
identity at t = s; let 
D= OJ 
I 
eetAB(t, 0) etA dt 
0 
etA = diag(e@,..., eta”); 
and let d1 ,..., d, denote the eigenvalues of D. If p Re di < 0 for i = l,..., n, 
then for every s there exists constants K > 1 and r > 0, both independent of s 
and p, such that if / p I is suficiently small then for all t 3 s 
j Y(t, s, p)j < Ke-scu)ct-s), 
Proof. Let r be chosen so that 0 < 4r < min(] Re di I : 1 < i < n); let G 
denote the Jordan form of D in which the nonzero offdiagonal terms are 
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equal to r; let T be the nonsingular matrix satisfying D = TGT-l; and let I 
denote the n-dimensional identity matrix. 
Since aB/ap is continuous, the variation of constants procedure of J.A. 
Nohel [SJ yields for any s the representation 
e(S-t)AB(t, 0) e(t-s)A dt + o(p) 
= (eSAT) [I + pG + o(p)] (eSAT)-l. 
Taking the norm of a matrix to be the one induced by the norm on En, it 
follows from the structure of the matrix A that for every number s there 
exists a constant Q-independent of s-such that 
1 < 1 @*T 1 j(esAT)-l j <Q. 
Moreover, by our choice of r, and of the norm on En, it is readily seen that 
for ) p ] small 
/~+cLGI<(~--~~cLI)+I~.~==---~~~~. 
Hence, if m is a nonnegative integer, then for ] p ) small 
I YYs + WY s, 41 < QU - 2 I CL IrP. 
Let t be any number > s; let the integer m > 0 be chosen so that 
t = s + b + mw, where 0 < b < W; and let N be a constant which satisfies 
Since 
N > ~4 A + pB(t, p)I : /J E J, 0 G t < OJ). (2.4) 
Y(t, s, p) = Y(b + s, s, II) Ym(s + ~3 s, CL) and I Y(b+s,s,dI <ed, 
for I p 1 small 
I Y(t, s, p)J < Q@“(l - 2 I P I r>“l 
< Ke-6(t-S)[eBw(l - 2 I p I r)]” 
K = Q exp(wN + I p. I r). 
By our definition of /3(p), it is possible to make esw(l - 2 / p I r) less than 1 
making 1 p ) sufficiently small. The lemma is thus established. 
THEOREM. If p Re di -=c 0 for i = I,..., n, then for ( p 1 small the zero 
solution of Eq. (2.1) is uniformly exponentially stable. 
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Proof. If we now view (2.3) as a functional differential equation, then upon 
lettingy(s, $, p) (t) denote, for p E J, the solution of (2.3) with initial function 
4 at t = s, it is evident that for R = K exp[h/&)] and for 1 p 1 small 
II Y&, 4, dll < Re-B(ul(t-S) II 4 II 
for all t 3 S. Therefore using Lemma 2.1 of [7], we have the existence of a 
function V(t, 4, p) continuous in t, 4, p for t 3 0, # E C, and 1 p 1 small 
Let s by any number > 0, and let + be chosen so that II+ (I < H/R. For 
1 p 1 small, we evaluate 
+ liT+s,“p $- [ v(t + P, x,+,(t, %(S, 4, P)! CL)* P) 
By choosing L to be a constant satisfying 
L > ma@, N + M I p. la>, 
where N is defined by (2.4), it follows from (2.2) and the results on pp. 33% 
341 of Halanay’s book [7] that 
II Xt+& Xt(S, 4, CL), P> - Yt+& %h 4, Ph P)ll 
< M I p I1+rr II x&, 45, PI eLp(eLp - 1). 
Therefore, for ] p 1 small 
~(2.1)(4 %(S, 49 PFG), d d - rb-4 w @, 94 P), CL) 
r(p) = B(P) - LMR I I” Il+~, 
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and this inequality implies for t 3 s 
Hence, 
Since 01> 0, y(p) can be made positive by making 1 p j sufficiently small. The 
theorem is established. 
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